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Abstract

Social welfare functions are asumed to construct the mlledive preference by considering information
concerning the positions that alternatives occupy in the individuals' preferences. Though non-dictatorial
social welfare functions operating in this way exist, they attribute to one of the individuals a considerable

power to influence the mlledive preference A monotonicity requirement is shown to suffice to generate a
weak adictator.
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1. Introduction

A solution d an aggregation poblem is sparable if the solution can be obtained as a
function d the solution d “parts’ of the problem. The aldition o natura numbers
ill ustrates this property: the sum xyz of, for instance, 123and 456is sichthat z=3+ 6,y =
2+ 5and x =1+ 4. Since most in econamic theory concens the analysis of how
organizations, markets and econamies work on the basis of the behaviour of individuas,
eoonamic analysis must eventually deal with aggregation poblems. These problems
typicdly involve the aggregation d some type of elements charaderizing individuals.
Fundamental among these dements are the individuals' preferences.

Arrow’s (1963, p. 97 theorem is perhaps the reference result on preference aggregation;
for evidence on the impad of this result in econamic theory, see Jerry S. Kelly’'s social
choice bibliography in http://www.maxwell .syr.edu/maxpages/faaulty/jskell y/biblioho.Htm.
The digtinctive assumption in Arrow’s theorem is the independence of irrelevant
alternatives (I1A) condtion. Numerous variations on [ 1A have been considered; seg by way
of ill ustration, Baigent (1987, Blair and Poll ak (1979, Campbell and Kelly (2000.

The I1A condtion expresses a separabili ty requirement because it implicitly presumes that
preferences defined on any given set A of aternatives are aggregated by merging
preferences defined onsubsets of A having two members. For instance, if A={x,y, z, fis
the rule that aggregates preferences on A and f is assumed to satisfy 1A then three functions
fyy, fyz andf,, determine the way f operates: if, for a certain profile of preferences, fog makes
a to be more preferred than [indiff erent to, lesspreferred than] 3 then f makes a to be more
preferred than [indifferent to, less preferred than] B. It is therefore & if f delegated the
construction d the new preference to m(m — 1)/2 functions, where m is the number of
members of the set A of aternatives.

But the fact that these functions canna operate independently creaes potential difficulties:
by the transitivity of the wllective preference, if, for a ertain profile, f,, establishes that x
isat least as preferred as'y and fy, establishes that y is at least as preferred as z then, for that
same profile, fy; is forced to dedare x at least as preferred as z. So the larger the number of
functions involved, the greaer the apriori chance that some incompatibili ty could emerge.
Saai (1998, 200) criticism to I1A is st in this context: if the am isto produce atransitive
preference, how could ore consider reasonable to achieve this goa by decentralizing the
production processwithou any coordination d the production adivities at all ?



This paper considers a variation onthe separability approach to preference agregation
consisting of handling m functions {fy}xga rather than m(m - 1)/2 functions {fx} x; o,
where B = {C O A: C has two members}. The interpretation is that fy determines the
paosition that x occupies in the mlledive preference using as inpus the positions that x
occupiesintheindviduals preferences.

This approach is computationally simpler in that f is broken into a smaller number of
functions performing partia aggregations. This reduction in the number of subprocesses
involved may contribute to make their compatibility easier. It is aso a more dired
approad, given that the output is absolute (a position in a preference ordering) and nd
relative (whether an aternative is above or below another one). In any case, the gproach
could be viewed as another test to measure the extent to which ore can exped from a
separable procedure the aygregation d preferences in areasonable way.

The main results of the paper are threg Propasition 3.6, 4.4and 5.3.All of them are similar
to Arrow’s and related theorems, in the sense that the aggregation procedure generates
colledive preferences that are “too similar” to the preference of one of the individuas.
There ae, nonetheless two significant differences. On the one hand, when the individual
having the power to determine the mllective preference is in a position to exercise this
power, he caina only impaose his grict preference but aso his indifference. This is in
contrast to Arrow’s theorem in that Arrow’s dictator need na be capable of making his
indifference had at the mlledive level. On the other hand, in Propasitions 3.6 and 4.4,the
above individual nead na aways be in a position to exercise his power (he need nd be a
dictator): for some preference profiles, the individual canna determine the llective
preference between two aternatives. Thisis also in contrast to Arrow’s theorem, in which
the dictator exercises his power over al the domain o preference profiles. Though the
asumptions in Propasition 3.6 and 4.4 el nd guarantee the eistence of a dictator,
Propasition 5.3shows how to oltain awedk dictator.

2. Definitions and assumptions

Lete N={1, ..., n} be anon-empty finite set whose n = 2 members designate individuals, A
a finite set whose m > 1 elements represent alternatives and T the set of complete and
transitive binary relations that can be defined onA, where 3 O T is: (i) completeif, for all x
OAandy OA, xBy or yBx or bath; and (ii) transitive if, for al x 0 A, y 0 A{x} and z [



A X, y}, xBy and ypBz imply xBz. Members of T are cdled “preferences’ (on A), whereas
members on Tn are called “preference profiles’. For preference profile Rand i O N, R,
designates the preference of individual i in profile R. Denote by L the set {3 O T: for al x O
Aandy O A{x}, xBy impliesypx} of preferencesin which noindifference occurs.

ForOT,xO0Aandy O A{X}, x coversy in B if xBy, na(yBx) and, for al z 0 A{x, y},

xBzimpliesyBz For 3 O T andx O A, define 1(x, B) to be the pasition d x in 3, where: (i)
m(x, B) = 1if, and ody if, for al y O A{x}, yBx; and (ii) forp 0 {2, ... ,m}, 1(x, B) = pif,

and orly if, thereisy O A{x} such that Ty, B) = p — 1 and x covers y. Observe that
positions are ordered from below: the first paosition corresponds to the least preferred
aternatives whereas, when no indifference occurs, paosition m corresponds to the most
preferred aternative. Observe a well that requiring that the ollective preference be a
member of T introduces the constraint that if some dternative occupies position p > 1 then
some other aternative must occupy pasitionp — 1. DefineM = {1, ... , m} to be the set of
the posgble paositions of an alternativein a preference

Definition 2.1. A social welfare functionisamapping f : T" - T associating a preference
with ead preference profil e.

Definition 2.2. Non-empty G [0 N is dedsivecy,ing : M" - M for position p O M\{m} if
g(&) =pforal & O M such that: (i) for al i O N, & <m; and (ii) for al i O G, & = p. Non-
empty G [0 N isdedsiveq, ing : MM -, M if, for al p 0 M\{m}, G is dedsive, in g for
position p.

Definition 2.3. Non-empty G O N isdedsive«, in socia welfare function f if Ti(x, f(R)) = p,
foral x O A, p0M\{m} and R O Tn such that, for al i O G, (x, R) = p.

That a non-empty subset G of individuals is dedsive.,, means that, for every position p
different from the maximum paosition m and every aternative x, X is in pasition p in the
colledive preference whenever al the members of G rank xin pasition p.

Definition 2.4. In socia welfare functionf, individual i O Nis: (i) adictator when, for al R
OTn, xOAandy O A{x}, if xRy and nd(yRX) then xf(R)y and na(yf(R)x); (ii) a weak
dictator when, for all RO T, x 0 Aandy O A{x}, if xRy and nd(yRx) then xf(R)y; (iii) a
strong dictator if, for al RO T, x 0 Aandy O A{ x}, xRy implies xf(R)y; and (iv) a strong
dictator., if {i} isdedsivec,inf.



Al. For every x 0 Athereisfy: M" - M such that, for al RO Tn, 1(x, f(R)) = fy(T(x, Ry),
o, TIX, RY).

A1l is the requirement that f determines the paosition d aternative x [0 A using orly
information concerning the paosition d x in each of the individuals' preferences. It can be
viewed as a requirement of paositional independence if x occupies the same pasitions in two
preference profiles then x occupies the same position in the wlledive preferences that f
associates with those profil es.

A2.If f satisfies Al then, foral x O Aandp O M, fi(p, ... ,p) =p.

By A2, the functions f, that determinein A1 the position d each x [0 A satisfy a property of
unanimity: if X isin the same paositionin al the individual preferences then x occupies that
same positionin the arrespondng coll ective preference

3. Nearby dictator ship

It is shown in this dion that social welfare functions stisfying A1 and A2 attribute to
one of the individuals a mnsiderable influence in the determination d the llective
preference. Spedficdly, there is one individua whaose preference exadly coincides with
the alledive preference whenever al the individuals are indifferent between at least two
aternatives. The formal expresson d this result is Propasition 3.6,with Lemmas 3.1, 3.2,
3.3, 3.4and 3.5 leing instrumental resultsto prove Propasition 3.6.

By Lemma 3.1, ead f, determining the position d aternative x in the wll ective preference
isa choiceor seledion function, povided the top paition misnat involved: for al & 00 Mn
withmO{&y, ... , &}, if X occupies pasition fy(&) in the wlledive preferencethen thereis
somei O N such that f,(§) = &. Thus, for x to bein pasition p in the ®lledive preference
under the given constraint some individual must placex in pasitionp in his preference

Lemma 3.1. Withm= 3,if f: T" - T satisfiesAl andA2then,foral xOAand& O M", m
D{Eli 1Eﬂ} ImplleSfX(E) D{El! ;Eﬂ}'

Proof. Suppcse not: for somex 0 Aand& O MNP withm O {&y, ..., &}, fx(&1, ... , &) =p O
{€1, ... ,&n}. Choosey O A{ X}, zO A{x, y} and R O T" such that, for al i O N, 1(x, R) =



&, My, R) =mand (z, R) = p. By Al and A2, Ty, f(R)) = m. This means that there is no
indifference in f(R); that is, for all v O Aand w O A{V}, (v, f(R)) # r(w, f(R)). But, by A1,
(X, f(R)) = p, whereas, by Al and A2, 1(z, f(R)) = p: contradiction.m

By Lemma 3.2, if some subset G of individuals is such that fy assigns x to position one
(from below) when all the members of G rank x in that position and the rest of individuals
rank x in position m — 1 (one position below the top position) then, no matter the way the
rest of individuals rank x below position m, f, assigns x to position one when all the
members of G rank x in that position.

Lemma3.2. Withm=>4, letf: T - T satisfy Al and A2. If there are x [J A and non-empty
G [0 N such that f,(16, (m - 1)=C) = 1 then G is decisive., in fy for position 1.

Proof. Let f(1C, (m - 1)=6) = 1. Arguing inductively, assume fy(§) = 1, for any given & 0
Mn such that, for al i O G, & = 1. Theaim is to show that f,(() = 1, where ( [J M" differs
from & only in that, for exactly onej O N\G with & > 1, {;=¢§ - 1 (if, foral iON, {j =1
then f4({) = 1 by A2). Letting & and { be as indicated, consider any S 0 T" such that, for
somev 0 AYx} andt O A{x, v}: (i) foral i ON, 1(x, §) = & and 1qt, §) = m; (ii) for al i
ONwith& =1, (v, §) = 2; and (iii) for al i O Nwith & # 1, (v, §) = 1. Asf(&) = 1, by
Al, (X, f(§) = 1. By Lemma 3.1, (v, f(§) U {1, 2}. By A2, 1ut, f(S)) = m. Hence, for all r
O A and s O AYr}, m(r, f(9) # (s, f(9). As aresult, 1(x, f(S)) = 1 implies (v, f(S)) = 2.
Let V O Tn differ from Sonly in that, for al i O N, 1(x, V;) = {;. That is, V is obtained from
Sby permuting X in § with the alternative w that x covers.

Case 1. {; > 1 (namely, w # v). By Lemma 3.1, T(x, f(V)) U {1, 2} and m(v, f(V)) U {1, 2}.
As fordli ON, (v, V) = (v, §), by A1, Tiv, f(V)) = (v, f(S) = 2. By A2, mt, f(V)) = m.
Consequently, for al r O A and s O A{r}, 1(r, f(9) # (s, f(S). Therefore, T(x, f(V)) = 1
and, by A1, f,({) = 1. Case 2: {j = 1 (sow = V). With g O A{x, v, t} such that (g, §) = 3,
let WO T differ from Sonly in that (g, W) = 1(v, §) = 1 and (v, W)) = 1(q, §) = 3. By
Al, 1(x, () = 1 implies T(x, f(W)) = 1 and 11(t, f(S)) = mimplies m(t, f(W)) = m. Thus, 1qv,
f(W)) # 1. Let Y O T differ from V only in that T(q, Yj) = (v, V)) = 2 and T(v, Y)) = 1(q, V))
= 3. By A1, (v, f(W)) # 1 implies Tqv, f(Y)) # 1. Since, by A1, 1t, f(§) = mimplies Tut,
f(Y)) = m, it follows that, for somed O A, 1(d, f(Y)) = 1. By Lemma 3.1, d [I {x, v}. AS TV,
f(Y)) £ 1, T(x, f(Y)) = 1. In view of this, by A1, f;({) = 1.m



Lemma 3.3 extends the decisiveness.y, of group G over position 1 to all positions below m,
provided no individual ranks the given alternative in the top position m.

Lemma3.3. Withm=>4, letf: T - T satisfy Al and A2. If there are x O A and non-empty
G O N such that G is decisiveqmin fy for position 1 then G is decisive«, in fy.

Proof. Let G be decisive«, in fy for position 1. Choose p [0 MY{ 1, m}. The proof amounts to
showing that G is decisive«, in fy for position p. To thisend, let & O Mn be such that, for all
i0G, & =pand, forali NG, & #m. To prove that f,(€) = p, suppose otherwise. Choose
ROTN, yOAYX}, vOA{X Yy} and zO A X, y, v} satisfying: (i) for al i O N, 1(x, R) = §;
and (v, R) =m; (i) for al i 0 G, m(z, R) = 1; (iii) for al i O {j O N: & = p}, if p> 2 then
my, R)=p-1landif p=2thenm(y, R) =p+1; and (iv) for al i O{j ON: § # p}, T(y, R)
= p. By A2, (v, f(R)) = m, so there is a unique r 0 AY{V} satisfying 1(r, f(R)) = p. By
Lemma 3.1, m(r, f(R)) = pimpliesr O {x, y}. By Al, it follows from the assumption f,(¢) #
p that T(x, f(R)) # p. Therefore, r =y and 1y, f(R)) = p. Let SO Tn differ from R in that, for
dliO{jONG: & #p}, m(x, §)=p-1lifp>2andm(x, §) =p+1if p=2. By Al my,
f(R)) = pimplies Ty, f(§) = p. Finaly, let V O Tn differ from Sin that, for al i O {j O N\G:
& = p}, T(x, Vi) = Land 1(z, V;) = p. By A2, (v, f(V)) = mand, hence, for all sOAand t [
A{s}, s, f(V)) # m(t, f(V)). By Lemma 3.1, m(z f(V)) U {1, p}. By A2, mly, f(S) = p
implies Ty, f(V)) = p. But, by the assumption that G is decisive., in fy for position 1, 11X,
f(V)) = 1. contradiction.m

By Lemma 3.4, if agroup G determines the position of a certain aternative x whenever no
individual (within or outside the group) ranks x in the top position m then the group
determines the position of al alternatives under the same proviso.

Lemma3.4. Withm=>4, letf: T - T satisfy Al and A2. If there are x O A and non-empty
G O N such that G is decisive«, in fy then G isdecisive, inf.

Proof. Let G be decisive<, in fy. Choosey [0 A{ x}. The proof amounts to showing that G is
decisive< in fy. By Lemmas 3.2 and 3.3, it is enough to show that f,(1G, (m-1)=C) = 1. To
this end, choose z 0 A\{ %, y} and consider any R [0 Tn such that: (i) foral i ON, (z, R) =
m; (ii) foral i O G, iy, R) =1 and (X, R) =m-1; and (iii) for al i O N\G, iy, R) = m-
land (X, R) = 1. By A2, 1(z, f(R)) = m. Therefore, for al r 0 Aand s O A{r}, m(r, f(R)) #
(s, f(R)). By Lemma 3.1, Ty, f(R)) O {1, m— 1}. Since G isdecisive« in fy, T(X, f(R)) = m
— 1. Accordingly, Ty, f(R)) = 1 and, by A1, f,(16, (m—1)C) = 1.m
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By Lemma 3.5, the power of a group with at least two members to determine the position
of an alternative when no individual (within or outside the group) ranks that aternative in
the top position misinherited by some non-empty strict subgroup.

Lemma3.5. Withm=>4,letf: T - Tsatisfy Aland A2. If thereis G O N having at least
two members and decisive<, in f then, for some non-empty J 0 G, J is decisive«, inf.

Proof. Let G be decisive«,in f, J 0 G be non-empty and K = G\J. Choose x (0 A, y 00 A{ x},
zO AYx, y} and v O A{X, y, Zt. Consider any R [0 T" such that: (i) for al i O N, (v, R) =
m; (ii) for dl i ON\G, ri(x, R) =m-1, 1y, R) =2 and r(z, R) = 1; (iii) for al i O J, (X,
R)=1,1y,R)=m-1landm(z, R) =2; and (iv) foral i OK, {x, R) =m-1, 1y, R) =1
and 1(z, R) = 2. Since G is decisive«, in f, Ti(z, f(R)) = 2, so there is some w [ A such that
(w, f(R)) = 1. By A2, (v, f(R)) = m, so there is only one such w. By Lemma 3.1, w [J {x,
y}. If (%, f(R)) = 1 then, by A1, fy(1J, (m-1)7J) = 1 and, by Lemmas 3.2, 3.3 and 3.4, Jis
decisivec in f. If Ty, f(R)) = 1 then let SO Tn differ from R only in that, for al i O N\G,
n(x, §) =1land n(z, §) = m- 1. By Al, n(y, f(§) = n(y, f(R)) = 1. By A2, (v, f(R)) =m
and, accordingly, Ti(x, f(S) # 1. Let V O Tn differ from Sonly in that, for al i O N\G, 1y,
Vi) =m-1and iz, V;) = 2. By A2, Ti{v, f(R)) = m. This means that thereisauniquet 0 A
such that m(t, f(V)) = 1. By Lemma 3.1, t 0 {x, y}. By AL, 1(x, f(§) # 1 implies (X, f(V)) #
1. Asaresult, Ty, f(V)) = 1. By AL, fy(1X, (m— 1)7K) = 1. In view of this, by Lemmas 3.2,
3.3and 3.4, K isdecisive.,inf.m

Proposition 3.6. Withm>4andn=>2,if f: Tn - T satisfiesAl and A2 then somei O Nis
astrong dictator<, in f.

Proof. Choose non-empty J[O N, zO A, y 0 A{ z} and consider any R [0 T such that: (i) for
dlidJd mz R)=1and(y, R) =m-1; and (ii) for al i O N\J, (z, R) = m - 1 and 1y,
R)=1.ByLemma3.l, 1z f(R)) O{1, m-1}.If m(z, f(R)) = 1 thenlet G=Jand x = z if
1z f(R)) = m—-1thenlet G=N\Jand x = y. In both cases, by A1, f,(16, (m- 1)=6) = 1. By
Lemma 3.2, G is decisive, in fy for position 1. By Lemma 3.3, G is decisiveq, in fy. By
Lemma 3.4, G is decisiveq, in f. If G has one member then is a strong dictator<y, in f.
Otherwise, by successive application of Lemma 3.5, somei [ G isastrong dictator<, in f.m

Let f be asocia welfare function that decentralizes preference aggregation in the following
terms: for each aternative x, there is a unanimous function f, aggregating the positions that



x ocaupies in the individuals' preferences, so that the position fy determines is the paosition
that x occupies in the wlledive preference. In this case, by Propasition 3.6,f attributes a
unique individual the power to determine the lledive preference when noindividua has
a preference that linearly orders the m alternatives s that al of them consider some
dternative indifferent to another one.

Thisresult is, in a sense, stronger than Arrow’s theorem but weger in another sense. It is
stronger in that, onthe domain in which the dictator dictates, the dictatorship is absolute:
the dictator does not only impose his grict preference (as in Arrow’s theorem) but also his
indifference thereby becoming a strong dictator. The result is weaker than Arrow’s
theorem in that the dictator does nat dictate on the whole domain Tn, bu just on the set of
profiles in which the individuals' preferences define, at most, m — 1 pasitions or when the
top alternative is the same in every preference For the particular case in which the social
welfare function asks the individuals to provide preferences withou indifferences, the
domain onwhich the dictator completely dictates for sure is essy to compute and can be
relatively “small”.

Remark 3.7. If f: Ln - T satisfies A1 and A2, the propation d profiles in which i is a
strong dictator isat least djp =1/ mn-1,

By Propasition 3.6,somei isastrong dictator onD = {R [0 L": for somex 0 Aand dl j O
N, (x, R) = m}, in the sense that, for all R0 D, f(R) = R.. To compute the cadinality of D,
fix x O A. Sincethere are (m — 1)! members of L in which x occupies position m, there ae
[(m = D" profiles in which all individuals rank x the mth and, therefore, D has m[(m -
D! elements. Given that L has (m!)" elements, 1/ mn-1 is the propation d profiles in
which strong dictatorship is ensured.

Remark 3.8. The propation d profilesin which somei O N is a strong dictator is exadly
1/ m-1linthefunctionf: LM - T satisfying A1 and A2 such that, for somei O N, all R
Tnandal x O A: (i) if (x, R) < mthen T(x, f(R)) = i(x, R); (ii) and if T(x, R) = mthen
n(x, f(R) = minoy {1, R)}.

Remark 3.9. With m= 3, let f be the social welfare functionf: T - T such that, for all R
O Trand x O A, 1(x, f(R)) = minigpy {T(x, R)}. Though f satisfies A1 and A2, it has no
strong dictator<p,. This provesthat Propasition 3.6 des not hold when m= 3.



4. Almost dictator ship

It isworth ndicing that Propasition 3.6 das not invoke one of the assumptionsin Arrow’s
theorem: the Pareto principle. According to this principle, for all RO T, x 0 Aand y [
A{x}, (%, f(R)) > 1y, f(R)) if, for al i O N, 1(x, R) > 1(y, R). Contrary to what might be
expeded, it is own in this edion that adding this assumption to those in Propasition 3.6
does nat create adictator.

A3. If f satisfies Al then, foral x O A, & OMMand ¢ O M0, if, for al i O N, & > ¢ then
fx(€) > fx(Q).

A3 is awegk monaonicity condtion stating that if al individuals raise the position d an
aternative in their preferences then the position d the dternative in the llective
preferenceis also raised.

Lemma4.1. If A1 hddsthen A3 impliesA2.

Proof. Asume Al. Let x O A. If fy(m, ... , m) = p<mthen, by Aland A3, fy(p, ... , p) <p.
With fy(p, ... , p) =@, again by Al and A3, fi(q, ... , q) < g. Since M has a smallest
member, this reasoning will eventually lead to a mntradiction d A3. Consequently, f,(m,
... ,m)=m. Chooser 0 M\{m} and, arguing indwctively, suppase that, for al s 0 {m, m-
1, ...,r=1}, f(s, ... ,5) =s. To proverthat fy(r, ... ,r) =r, letfy(r, ... ,r)=t. Ift>r, by
A3, f(t, ... ,t) > t. But, by the induction hypathesis, fy(t, ... ,t) = t: contradiction. If t <r
then the line of reasoning initialy applied to mwill also lead to a wntradictionm

A3*. If f satisfies Al then, for al x O A, y OA{x}, & O0Mnand Z O M0, if, foral i O N, §;
> (i then (&) > fy(Q).

In order to make a @mparison between A3 and the Pareto principle, A3* is a formulation
of the Pareto principlein terms of the functionsf,.

Remark 4.2. A3 implies A3*.
Asaume Al. Let & [0 MM and ¢ O Mn be such that, for al i O N, & > ¢;. Withx O A, y O

A{x} andq=max{{y, ... ,{n}, by Al and A3, (&) > fx(q, ... , ). By Lemma 4.1, A2
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hads. By A2,fy(q, ... ,0) =q="fy(q, ... ,g). Since foral i ON, & > {j andq=max{{y, ...
, {n}, g<m. By Lemma3.1,f(¢) O {{y, ..., {n}. Consequently, fy(q, ... ,q) = q=1(Q).

Remark 4.3. Given A2, A3* implies A3.

Asaume Al. Let & [0 M" and ¢ O Mn be such that, for al i O N, & > ¢;. Withx O A, y O
A{x} andq=max{{y, ... ,(n}, by Aland A3*, f(€) > fy(q, ... ,0). By A2,fy(q, ... ,@) =
=1f(q, ... ,q). Since foral i ON, & > ¢ andq=max{{y, ... ,{n},q<m. By Lemma3.1,
fx(Q) U{Ca, ... ,{n}- Accordingly, f(q, ... , q) = g = f(().

Proposition 4.4. Withm=>4andn > 2,if f: Tn . T satisfies A1 and A3 then there eistsa
uniquei O N such that for all RO {SO Tn: thereisnox O A such that Ti(x, §) = mand, for

somej O N\(i}, T(x, §) = 1}, (R) = R.

Proof. By Lemma 4.1, A1 and A3 imply A2. By Propasition 3.6,let i [0 N be the strong
dictator<y,. Let x 0 Aand & O Mn such that & = mand, for al j O N\{i}, & > 1. Consider ¢
0 Mn such that, for al j O N, ¢ =& — 1. Since i astrong dictator<m, f({) = ¢ =m- 1.
Hence by A3, (&) > fx(C). That is, fy({) = m. This proves that,

foral xOAand& OMN,if & =mand,for al j ONYi}, &> 1thenfy(&) =m. (1)

Chocse a O Mn, y [0 A and p O M\{m}, with a; = p. The proof concludes by showing that
fy(a) = p. Suppcse otherwise: fy(a) = q # p. Choose z O A\{y} and v O A{y, z}. Consider
any B O Mn such that: (i) for all j O N, r(y, R) = aj; (ii) T(z, R) = mand (v, R) = q; (iii)
foral j ONYi}, m(z, R) =0; + 1if oy <mandm(z R) = a; - 1if o; = m; and (iv) for all |
ON\i}, (v, R) =1if a; >1and (v, R) = 2if a; = 1. By (1), m(y, f(R)) = m. Thus, for all
w O Aandt OA{w}, m(w, f(R)) # m(t, f(R)). Since fy(a) = g, by AL, (y, f(R)) = g. And
sincei astrong dictator<, TV, f(R)) = g: contradiction s

Propasition 4.4 assrts that a social welfare functions that resorts to a family of weakly
monaonic functions {f,} 1 t0 determine the position d ead dternative in the mlledive
preference, must attribute to exadly one individual i the power to establish the wllective
preference except in the case in which i is not indifferent between two alternatives and
some|j # i regards i's most preferred alternative & his lesspreferred adternative. Thisis a
sort of veto powver ading when i tries to “impase” his most preferred aternative in absence
of indifference if m(x, R) = m, with i being the strong dictator on the set D from
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Propasition 4.4,then members of N\{i} can avoid the result f(R) = R; only in case that, for
somej, T(x, R) = 1.

Remark 4.5. The social welfare function f defined as foll ows stisfies A1 and A3 bu does
not have adictator (nor, afortiori, astrong dictator). Choasei O N. Then, for al RO T (i)
if thereisx O A such that T(x, R) = mand, for some j 0 N\{i}, m(x, R) = 1 then T(x, f(R)) =
1 and,foral y O AY{x}, Ty, f(R)) =1y, R); (ii) otherwise, f(R) = R,.

By Remarks 4.2 and 4.5,the adition d the Pareto principle A3* to the assumptions in
Propasition 3.6 des nat lead to the eistence of a dictator. In contrast, Propasition 4.4
shows that some individual obtains a dedsive power on a large domain o preference
profiles that is greder than a dictator’s power.

Remark 4.6. If f: Lh - T satisfies A1l and A3, the propation d profiles in which the
individua i in Propasition 4.4 reed na be astrong dictator is, at most, di3 = [(m— 1)1 —
1] /[(m=2)mn-1].

With D ={R O T" thereisno x O A such that T(x, R) = mand, for somej O N\{i}, 1(x, R)
= 1}, to compute the cardinality(JECIof E = T"\D, chocsex O A. Fork O {1, ... ,n— 1}, let
Ex={ROLM™ m(x, R) =mand {j ON\{i}: m(x, R) = 1} has k elements}. Lettingr =m—
1,05, (r)2 (m! = r!)n=2 = (n=2 (rN)n, Similarly,dJE,C= (r)3 (m! = r!1)n=3 = ¢n=3 (rH)n, In
genera, for k O {1, ... , n = 1},0E = rnk-1 (r)In, Therefore, with ¢ =&, [HE,[H ... +
CEp10,c=@+r+r2+ ... +r"2) (r)in, Recdlingthat a+ a2+ a3+ ... +al= (a1 - a)/
@-2),c=[1+(m1=r)/(r = 1] (r)'". Thisisthe cadinality of al the members of E in
which 11X, R) = m. As there are m membersin A, it follows thatCDIECl= mc. Since Lh has
(m)neements, dig=mc/ (m)n=[(rHn1-1]/(r — )mn-1,

m 4 5 6 7 5 10 10 10 100 100

n 4 5 6 7 10 5 10 100 10 100

diz | .203 | .136 | .100 | .079 | .044 | .082 |.0484| 3.6x106 | 9.3x103 | 3.7x1073

The table &ove provides the value of d;3 for some values of m and n: the i in Propasition
4.4 rea na be astrong dictator on, at most, 20 3% of all profileswhen m=n = 4; 13 6%
when m=n =15; 10% when m=n = 6; 4.84% when m=n = 10; .00036 when m= 10and n
=100, .93% when m=100and n = 10; and so on.
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Remark 4.7. The propation d profilesin which thei [0 N in Propasition 4.4is nat a strong
dictator is exadly di3 in the functionf: L" - T satisfying A1 and A3 such that, for someii
ONandal ROT (i) if thereisno x O A such that Ti(x, R) = mthen f(R) = R;; and (ii)
otherwise, Ti(x, f(R)) = minjoy {T(x, R)} and, for all y O A{x}, m(y, f(R)) = 1(y, R).

Remark 4.8. With m = 3, let f be the social welfare functionf: T - T such that, for all R
O Trand x O A, 1(x, f(R)) = minigpy {T(x, R)}. Though f satisfies A1 and A3, it has no
strong dictator<p,. This provesthat Propasition 4.4 des not hold when m= 3.

5. Weak dictatorship

It is $hown in this dion that the powerful individual in Propasition 4.4 leoomes a weak
dictator by adding a second monatonicity property, A4 next (which is reminiscent of Mas-
Colél and Sonrenschein’s (1972 pasitive resporsiveness.

A4, If f satisfies Al then, foral x O A, & OMMand O M0, if, for al i O N, & = ¢ then
fx(€) = fx(0).

By A4, raising the position d an aternative in some of the preferences, with the positionin
the rest of preferences unaltered, canna make the dternative occupy alower positionin the
coll edive preference.

A4* If f satisfies Al then, foral x O A, y OA{x}, & O0Mnand Z O M0, if, foral i O N, §;
> g then f,(8) > 1,(Q).

A4* (ancther Paretian condtion) is to A4 what A3* is to A3. By A4*, if no individual
ranks aternative x below dternative y then x canna be below y in the mrrespondng
coll edive preference.

Remark 5.1. A2 and A4 imply A4*.
Asaime Al, A2 and A4. Let & 0 M" and ¢ OO MM be such that, for all i O N, & = ¢;. With x

OA yOA{X} andg=max{{y, ... ,{n}, by Aland A4, (&) = fi(q, ... , q). By A2,fi(q, ...
@) =q=1y(q, ... ,0). By Aland A4,fy(q, ... , g) = fy(Q).
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Remark 5.2. A4* implies A4.

Asaume Al and A4*, Let & 0 M"and ¢ O Mn satisfy, foral i ON, & = ¢;. Withx O A, y O
A} andq=max{{y, ... , {n}, by Al and Ad*, 1(&) 2 1,(q, ... , @) andfy(g, ... , @) = F(Q).

Proposition 5.3. Withm=>4andn > 2,if f: Tn -, T satisfies A1, A3 and A4 then there
existsaunique we dictator inf.

Proof. By Propasition 4.4,let i [0 N the strong dictator on D = {R O T thereisnox 0 A
such that (x, R) = m and, for some j O N\{i}, 1(x, R) = 1}. It therefore suffices to show
that i isawedk dictator onE = {R [ T thereisx O A such that Ti(x, R})) = mand, for some |
O N\i}, r(x, R) = 1}. Chocse R E and let x [ A be such that 1(x, R)) = mand, for some |
O N\Yi}, m(x, R) = 1. Let SO T differ from R only in that T(x, §) = m— 1. Since SO D,
f(9 = §. This means that, for al y O A, T(y, f(§) = 1y, S). Therefore, by A1 and A4: (i)
m(x, f(R) O {m-1,m}; and (ii) for al y O A{x}, 1y, f(R)) = 1y, f(S). Since, for al y [
A{x} andj O N, 1(y, §) =y, R), by Al,forall y 0 A{x}, m(y, f(R)) =y, f(S) = n(y, S)
= 1y, R). Consequently, thereis nov O A and there is now [0 A{v} such that (v, R) >
(w, R) and (v, f(R)) < r(w, f(R)), soi isaweak dictator onE.m

By Propasition 4.4, the wegk dictator in Propaosition 5.3 leoomes a strong dictator
whenever the dternative he ranks at the topis nat ranked at the bottom by some individual.
With resped to Propasition 4.4,the aldition d A4 makes thei in Propasition 4.4a we&k
dictator but does not ensure an increase in the set of profilesin which i isastrong dictator.

Remark 5.4. The propation d profilesin which somei O N is a strong dictator is exadly
diz4 inthefunctionf: LN - T satisfying A1, A3 and A4 such that, for somei 0 Nand al R
O Tn: (i) if thereisno x O A such that Ti(x, R) = mthen f(R) = R;; and (ii) otherwise, Ti(X,
f(R)) = minjon {1i(x, R)} and, for al y O A{x}, Ty, f(R)) = 1y, R).
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